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The presence of phantom dark energy in brane world cosmology generates important new effects,
causing a premature Big Rip singularity when we increase the presence of extra dimension and
considerably competing with the other components of our Universe. The idea is based first, in only
considering a field with the characteristic equation ω < −1 and after that, consider the explicit form
of the scalar field with a potential with a maximum (with the aim of avoid a Big Rip singularity). In
both cases we study the dynamic in a robust form through the dynamical analysis theory, detailing
in parameters like the deceleration q and the vector field associated to the dynamical system. Results
are discussed with the purpose of deeming the cosmology with a phantom field as dark energy in a
Randall-Sundrum scenario.
I. INTRODUCTION
Recent observations at high redshift with supernovae of
the Type Ia [1], along with observations of anisotropies
of cosmic microwave background radiation (CMB) [2],
among others [3], show evidence of the current acceler-
ated expansion of the Universe; suggesting the existence
of a repulsive energy with the capability of accelerating
the Universe, known as dark energy (DE). These same
observations also confirm that DE comprises the ∼ 67%
of the total components and only has played role in the
recent history of the Universe evolution.
In addition, from a theoretical treatment of Raychaud-
huri equation, it is possible to see that in order to obtain
an accelerated expansion it is necessary that the dark
fluid fulfills the equation of state (EoS) ω < −1/3. In
this vein and with the aim to explain DE, the less expen-
sive candidate is the well known cosmological constant
(CC), originally introduced by Einstein, but with a mod-
ern point of view regarding to its origin, expressing the
EoS as ω = −1 to obtain an accelerated expansion. De-
spite the excellent agreement of CC with observations
[2, 3], CC has a fundamental problem since we assume
that it comes from the contributions of quantum vacuum
fluctuations [4], having ∼ 120 orders of magnitude of dif-
ference between the theoretical expectation value and the
∗ roac@ifm.umich.mx
† jesus.astorga@alumnos.udg.mx
‡ aspeitia@fisica.uaz.edu.mx
§ jlopez@fisica.uaz.edu.mx
observational value [4]. In this sense, the theoretical com-
munity has been exploring many alternatives to control
this problem, without a clear resolution so far [4–6]. How-
ever, this fundamental problem has encouraged the scien-
tific community to propose alternative candidates for DE
like the quintessence, phantom field, Chaplygin gas and
extra dimensions models, among others (for a thorough
review of all these alternative models see [6, 7]); however
until now this problem remains open, with important on-
going theoretical and observational efforts with the aim
of finally understand the elusive nature of DE.
As we previously mentioned, extra dimensions models
are some of the most accepted candidates to understand
the accelerated expansion; being a natural solution due
to the straightforward way of confronting the origin of
the problem. Extra dimensional models like the one pro-
posed by Dvali, Gabadadze and Porrati (DGP) [8] is one
of the most promising models to solve the DE problem,
because it is possible to obtain a natural threshold be-
tween four and five-dimensional physics, explaining how
gravity could leak to the bulk and vice versa, imitating
the actual accelerated expansion. Other highly successful
models are the Randall-Sundrum models [9], originally
created to solve the hierarchy problem between the stan-
dard model of particles (SM) and gravity. One of them is
Randall-Sundrum I (RSI), which is characterized by the
introduction of a five dimensional AdS compactified extra
dimension between two Minkowski branes. The second
one, is the Randall-Sundrum II (RSII) which has a non
compactified extra dimension with the same capability of
solving the hierarchy problem in a more economical way.
Furthermore, in the cosmological context, RSII has
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2been the most successful model due that it provides the
capability of modifying the structure of Einstein’s field
equations. Additionally, it’s important to notice that
RSII leads to three new tensors: The first one is asso-
ciated with the second order corrections to the energy-
momentum tensor; the second one, is a tensor associated
with the existence of matter in the bulk and finally a
tensor that contains non-local effects associated with the
Weyl’s tensor [10]. In this sense, we also emphasize that
the disadvantage of this model, is the necessity to in-
troduce the DE fluid on hand, because the geometrical
characteristics are not enough to obtain a natural accel-
erated period.
Therefore, the RSII model provides a new paradigm
for the study the Universe evolution with different com-
ponents. According to this idea, we propose a dynam-
ical analysis of the modified Friedmann equations with
the addition of a matter fluid (dark and baryonic) and
phantom DE in order to study the Big Rip singularity in
this context. As we know from traditional literature [11],
phantom DE produces a Big Rip singularity at 22 Gyrs
which can be avoided if the potential has a maximum
[12]. Another important characteristic is that phantom
field minimally coupled to gravity has the sign of the ki-
netic term, in contrast to the ordinary scalar fields (see
also [13] as a complementary literature of the phantom
field). Moreover, the presence of a phantom field itself in
a RSII scenario will generate a more abrupt Big Rip cou-
pled with the brane tension λ which is the free parameter
of the theory. In this sense, we establish two limits enun-
ciated as: ρ  λ which is the high energy limit (early
times) and ρ λ, being the low energy limit (late times).
In this vein, there are several reported attempts to con-
straint the brane tension parameter, through Table-Top
experiments [14], astrophysics observations [15] and cos-
mological analysis like BBN [16] and CMB [17]; indeed
the brane tension lies on λCMB > 3.44 × 106eV4 in the
first one and λTT & 138.59× 1048eV4 in the latter one1,
showing an enormous difference between the results, but
constraining the region of possible lambda values. Setare
et. al. [18] made a braneworld model with a non-
minimally coupled panthom field where they observed
that this non-minimally coupling provides a mechanism
for an indirect bulk-brane gravity interaction, for late-
time cosmological evolution they achieved the -1-crossing
of its equation of state parameter.
From here, we are in position to organize the paper
in the following way. Sec. II is dedicated to construct
the modified Friedmann equation from the modified Ein-
stein’s equation on the brane, as well as set the neces-
sary condition to obtain an accelerated Universe in this
theory. Following these ideas, we construct the Subsec.
II A in order to generate a numerical analysis taking into
1 The first one is related with Cosmic Microwave Background ra-
diation (CMB) and the latter one with Table Top experiments
(TT).
account the baryonic and the dark matter (DM) com-
ponents as a dust fluid and the phantom DE, there we
also discuss the possibility of an earlier Big Rip com-
pared with GR predictions. In Sec. III, we revisit the
dynamical system theory, in order to apply in the fol-
lowing sections. Sec. IV, is dedicated to study phantom
DE through the dynamical systems theory, focusing our
attention in the evolution, the vector field and the decel-
eration parameter, always just considering ω < −1, as
the main characteristic of the phantom field. In order to
extend our study, we develop Sec. V with the aim of gen-
erate a detailed study of the phantom scalar field, using a
scalar potential with a maximum; similarly, we focus our
attention in the evolution, vector field and deceleration
parameter in this case. Finally, in Sec. VI, we discuss
our results and we draw important conclusions.
We will henceforth use units in which c = ~ = kB = 1.
II. FROM MODIFIED EINSTEIN’S FIELD
EQUATION TO BRANE COSMOLOGY
We start this analysis writing the Einstein’s field equa-
tion projected onto the brane as:
Gµν + ξµν = κ
2
(4)Tµν + κ
4
(5)Πµν + κ
2
(5)Fµν , (1)
where Tµν is the four-dimensional energy-momentum
tensor of the matter trapped inside the brane, Gµν is the
classical Einstein’s tensor and the rest of terms on the
right and left sides of the equation are explicitly given
by:
κ2(4) = 8piGN =
κ4(5)
6
λ, (2a)
Πµν = −1
4
TµαT
α
ν +
TTµν
12
+
gµν
24
(3TαβT
αβ − T 2),(2b)
Fµν =
2TABg
A
µ g
B
ν
3
+
2gµν
3
(
TABn
AnB −
(5)T
4
)
, (2c)
ξµν =
(5) CEAFBnEn
F gAµ g
B
ν , (2d)
where λ is related with the brane tension, κ(4) and
κ(5) are the four and five-dimensional coupling con-
stants of gravity, GN is Newton’s gravitational constant,
Πµν represents the quadratic corrections of the energy-
momentum tensor on the brane and Fµν gives the con-
tributions of the energy-momentum tensor in the bulk
projected onto the brane through the unit normal vector
nA, having always in mind that latin capital letters take
the values 0, 1, 2, 3, 4. In addition ξµν gives the contribu-
tions of the five-dimensional Weyl’s tensor, also projected
onto the brane manifold [10].
We start the cosmological analysis proposing the tra-
ditional homogeneous and isotropic line element as:
ds2 = −dt2 + a(t)2(dr2 + r2(dθ2 + sin2 θdϕ2)), (3)
where a(t) represents the scale factor and we have as-
sumed a flat geometry, as recent observations indicate
3[3, 19] i.e. k = 0. Using Eq. (1), with matter in the
brane in the form of perfect fluids and assuming no mat-
ter in the bulk, it is possible to write the modified Fried-
man equation and the covariant Raychaudhuri equation
in the following way [20]:
H2 = κ2
∑
i
ρi
(
1 +
ρi
2λ
)
, (4a)
H˙ = −3κ
2
2
∑
i
(ρi + pi)
(
1 +
ρi
λ
)
, (4b)
where H = a˙/a is the Hubble parameter, κ2 =
8piGN/3 = κ
2
(4)/3 is the renamed gravitational coupling
constant and ρi is the energy density of the different com-
ponents of the Universe. Notice that λ is the free pa-
rameter of the theory, giving the threshold between low
and high energy regimes of the Universe evolution. Is it
important to notice how the regime of low energy is re-
covered when the following ratio is applied: ρi/2λ → 0,
recovering the traditional cosmological behavior.
In addition, the EoS necessary to accelerate the Uni-
verse satisfies the constraint
wp < −1
3
[
1 + 2ρp/λ
1 + ρp/λ
]
, (5)
where in this case, the equation corresponds to a DE
fluid. The previous equation can be easily calculated
assuming a¨/a > 0 in Eq. (4b), to obtain an accelerated
Universe [20]. If we are also considering phantom DE we
additionally impose the condition ωp < −1 [11], which
implies that ρp/λ > −2 for the phantom field.
A. First Integrals
First of all, we specify two fundamental quantities that
are dominant in the actual stage of the Universe evolu-
tion: matter (dark and baryonic) and phantom DE, i.e.
ωp < −1 [11]; as we previously mentioned, we assume
that the other components are negligible for late times
and we also consider non interaction between the differ-
ent components i.e. non crossed terms.
Under these assumptions, the Friedmann equation can
be written as:
H2 = κ2
[ρ0m
a3
(
1 +
ρ¯0m
a3
)
+
ρ0p
a3(1+ωp)
(
1 +
ρ¯0p
a3(1+ωp)
)]
,
(6)
where we define ρ¯0m ≡ ρ0m/2λ, ρ¯0p ≡ ρ0p/2λ, which
depend on the free parameter of the theory. From here,
it is possible to write the equations in terms of quadra-
tures with the aim of integrating numerically. Thus, the
previous equation can be written as:∫ a(τf )
a(τ0)
da√
Ω0m(a−1 + ρ¯0ma−4) + Ω0p(a7/2 + ρ¯0pa5)
= ∆τ,
(7)
where it is convenient to define the following dimension-
less variables: Ω0m ≡ κ2ρ0m/H20 , Ω0p ≡ κ2ρ0p/H20 and
τ ≡ H0t.
As we can see in Fig. 1, the Big Rip singularity occurs
earlier than predicted by GR, provided that we increase
the presence of extra dimensions mediated by the brane
tension. In this sense, high energy in early times in the
Universe evolution could have caused totally different dy-
namics in contrast to the expected under the presence of
a phantom field. Moreover, the reader can verify that
we reproduce the results obtained by Ref. [11] for the
Big Rip singularity at 22 Gyrs, using the observational
value of the Hubble constant [2]. Thus, we notice that
observations can constraint the brane tension parameter
to bound the presence of extra dimensions in the case
where DE is modeled by a phantom field.
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FIG. 1. Numerical solution of Eq. (7) for different values of
ρ¯0m and ρ¯0p, including the GR case with a Big Rip singularity
at 22 Gyr [11]. Notice that Big Rip singularity occurs at
earlier time if we increase the brane tension parameter.
III. REVISITING A DYNAMICAL SYSTEM
ANALYSIS
The dynamical systems play an important role in Cos-
mology [6] particularly in understanding the evolution of
the Universe via the solutions of either the numerical or
the analytical equations. Many of the tools given by this
area have been widely applied in some models offering the
4possibility of studying different epochs of the Universe in
this process (see for instance [6, 21, 22]).
As we mention above, in the following section we
present a model with phantom dark energy in a brane
world to be analyzed comprehensively. However, previ-
ous to our analysis we do a theoretical revision of dynam-
ical systems.
First, consider the non-linear three dimensional system
x′ = xf(x, y, z) + αx, (8a)
y′ = yf(x, y, z)− βy, (8b)
z′ = zf(x, y, z) + γz, (8c)
where
f(x, y, z) = −αxk + βyk − γzk, k ≥ 1, (9)
and α, β, γ ∈ R+ \ {0}. For each selection of these pa-
rameters we have the associated critical points
si = (δi1, δi2, δi3), i = 0, 1, 2, 3, (10)
with δij the Kronecker delta. The Jacobian matrix of the
system is
J =
 −α(k + 1)xk + βyk − γzk + α −αkyxk−1 −αkzxk−1−βkxyk−1 −αxk + β(k + 1)yk − γzk − β βkzyk−1
−γkxzk−1 −γkyzk−1 −αxk + βyk − γ(k + 1)zk + γ
 . (11)
If x = (x, y, z) and considering a small perturbation
x→ si + δx, (12)
we obtain the associated system δx′ = Jsiδx, where Jsi is
the Jacobian at the point si and the Hartman-Grobman
theorem guarantees the existence of a neighborhood for
a critical point on which the flow of the system (8) is
topologically equivalent to the linearized one. Thus the
eigenvalues are
λi1 = α− (k + 1)αδi1 + βδi2 − γδi3, (13)
λi2 = −β − αδi1 + (k + 1)βδi2 − γδi3, (14)
λi3 = γ − αδi1 + βδi2 − (k + 1)γδi3, (15)
then, fixing the parameters β = 3/2k−1 y γ = 6/2k−1 we
define the functions
g(i, k, α)(j) = λij , (16)
where it is possible to identify the values of α for which
g < 0, g > 0, g = 0; and from the Table I, we are able to
identify the kind of point of the nonlinear system.
From here, we observe that for every k and α 6= 0 the
critic point s0 is always a saddle point, and if α decays
at the rate 0 < b < 1/2k−1, we find stability at the point
s3 since we have an hyperbolic system.
Now, for the system
x′ = f1(x, y, z) + xF (x, y, z), (17a)
y′ = f2(x, y, z) + yF (x, y, z), (17b)
z′ = f3(x, y, z) + zF (x, y, z), (17c)
with f1, f2, f3, P,Q ∈ R[x, y, z] (the ring of polynomi-
als in three variables with real coefficients) that satisfies
f1(0) = f2(0) = f3(0) = P (0) = 0 and F = P/Q an
element of the set of rational function in three variables
R(x, y, z), with the possibility that it is not defined at the
TABLE I. Possible values for α and g for every k.
si j g < 0 g > 0 g = 0
i = 0 1 (−∞, 0) (0,+∞) α = 0
2 (−∞,+∞)
3 (−∞,+∞)
i = 1 1 (0,+∞) (−∞, 0) α = 0
2 (−∞,− 3
2k−1 ) (− 32k−1 ,+∞) α = − 32k−1
3 ( 6
2k−1 ,+∞) (−∞, 62k−1 ) α = 62k−1
i = 2 1 (−∞,− 3
2k−1 ) (− 32k−1 ,+∞) α = − 32k−1
2 (−∞,∞)
3 (−∞,∞)
i = 3 1 (−∞, 6
2k−1 ) (
6
2k−1 ,+∞) α = 62k−1
2 (−∞,∞)
3 (−∞,∞)
origin, also f1, f2, f3, P are not irreducible polynomials.
Taking in mind the nonempty set
Z(a) = {x ∈ R3 : f1(x) = f2(x) = f3(x) = P (x) = 0},
(18)
with a = (f1, f2, f3, P )R[x, y, z] being an ideal associated
to the system. For the ideal
I(Z(a)) = {p ∈ R[x, y, z] : p(x) = 0,∀x ∈ Z(a)}, (19)
if fn ∈ I(Z(a)) for some n ∈ N then, f ∈ I(Z(a)),
because R[x, y, z] is an integer domain, showing the in-
clusion
√
a ⊂ I(Z(a)), where √a denotes the radical of
a. Now, let f ∈ I(Z(a)) \ {0} and consider the ideal
b = (f1, f2, f3, P, (wf − 1))R[x, y, z, w], (20)
in the ring R[x, y, z, w]. We notice that Z(b) = ∅, hence
b = R[x, y, z, w] so, there are polynomials p1, p2, p3, p4, p5
such that
1 = p1f1 + p2f2 + p3f3 + p4P + p5(wf − 1). (21)
5Now, considering the ring R(x, y, z)[w] with w = 1/f , we
have
1 = p1
(
x,
1
f
)
f1 + p2
(
x,
1
f
)
f2 +
p3
(
x,
1
f
)
f3 + p4
(
x,
1
f
)
P, (22)
and for some k ∈ N
fk = q1f1 + q2f2 + q3f3 + q4P, (23)
where q1, q2, q3, q4 ∈ R[x, y, z], obtaining the inclusion
I(Z(a)) ⊂ √a and the equality
I(Z(a)) = √a. (24)
Using this result, a set of critical points for (17) is
Z(a) \ {0}, being a possibility the points in Eq. (10) as
(a) s1 if
f1(x, 0, 0)Q(x, 0, 0) + xP (x, 0, 0) ∼a fi(x, 0, 0) i = 2, 3.
(b) s2 if
f2(0, y, 0)Q(0, y, 0) + yP (0, y, 0) ∼b fi(0, y, 0) i = 1, 3.
(c) s3 if
f3(0, 0, z)Q(0, 0, z) + zP (0, 0, z) ∼c fi(0, 0, z) i = 1, 2,
with a, b, c 6= 0 and ∼r denotes the equivalence relation
for polynomial functions in one variable that vanish at
the point r.
IV. PHANTOM DARK ENERGY IN A RS
SCENARIO
We now start rearranging the Eq. (4a) in the form:
H2 =
8piGN
3
∑
i
(
ρi +
ρ2i
2λ
)
, (25)
where, redefining the expression ρ¯i ≡ ρ2i /2λ, it is possible
to write:
H2 =
8piGN
3
∑
i
(ρi + ρ¯i) . (26)
In order to visualize the dynamic equations we propose
two different methods. Both methods will generate the
same dynamical information but in some cases we will
choose one over the other, due to the different informa-
tion we will be able to obtain from each of them.
(a) Method 1. When the dimensionless variables are con-
strained into a four dimensional sphere, with Fried-
man constraint 1 =
∑
i
(
x2i + y
2
i
)
and dimensionless
variables:
x2i ≡
8piGN
3H2
ρi, y
2
i ≡
8piGN
3H2
ρ¯i. (27)
Applying the Friedmann constraint, the dynamical
equations reduces to:
2x′2
3x2
= −3
2
x22 + y
2
1 − 2y22 +
3
2
, (28a)
2y′1
3y1
= −3
2
x22 + y
2
1 − 2y22 − 1, (28b)
2y′2
3y2
= −3
2
x22 + y
2
1 − 2y22 + 2. (28c)
We notice that this is the dynamical system (8) with
k = 2 and α = 9/4.
(b) Method 2. When the dimensionless variables are con-
strained into a four dimensional plane, with Friedman
constraint 1 =
∑
i (xi + yi) and dimensionless vari-
ables:
xi ≡ 8piGN
3H2
ρi, yi ≡ 8piGN
3H2
ρ¯i. (29)
In the same way as in method 1, the Friedmann con-
straint helps us to reduce the dynamical equations, as in
the the case k = 1 in (8) with α = 9/2:
x′2
3x2
= −3
2
x2 + y1 − 2y2 + 3
2
, (30a)
y′1
3y1
= −3
2
x2 + y1 − 2y2 − 1, (30b)
y′2
3y2
= −3
2
x2 + y1 − 2y2 + 2. (30c)
In both cases, the primes denote an e-folding derivative
N = ln(a), where we also made use of the fact that
ωm,(DM) = ω1 = 0 and ωp = ω2 = −3/2, due that we
had assumed that the only components of the Universe
are phantom DE and matter (baryonic and DM). Notice
that the choice of the phantom EoS is based on Planck
satellite observations [3, 19].
For instance, the dynamical system represented by
Eqs. (28) can be solved numerically, which graphical
solutions are shown in Figs. 2, establishing the initial
conditions for Ω0m and Ω0p through the Planck satellite
constraints [2], while the other initial conditions for Ω¯0m
and Ω¯0p, can be also constrained with [2] having a per-
mitted region to manipulate the density parameters cou-
pled by the brane tension. Here we separate the different
components with the aim of visualizing the behavior. As
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FIG. 2. Dynamical analysis of Eqs. (28) with appropriate initial conditions for Ω0m, Ω0p, Ω¯0m and Ω¯0p; the last two equations
are subject to the constraints provided by the Planck satellite [2]. In all the cases there is a notorious domination of the
phantom field coupled with branes at later times while matter coupled with branes dominates the earlier stages of the Universe
evolution, as can be expected.
7the reader can observe, the phantom DE coupled with
branes dominates in later stages of Universe evolution
while in similar conditions matter coupled with branes
dominates in earlier stages of Universe; in this sense, it is
important to give a more restrictive constriction on the
brane tension parameter based on observations, in order
to elucidate the effects of extra dimensions.
In addition, the deceleration parameter q = −a¨/aH2
can be written in terms of Eqs. (29) as:
q(N) =
1
2
(
1− 3
2
x2 − 7
3
y1 − 10
3
y2
)
, (31)
where we have used the Friedmann constraint to elim-
inate the x1 variable. The corresponding plot can be
seen in Fig. 3, assuming the following initial conditions:
x2(0) ≡ Ωp = 0.6 for the four plots and y1(0) ≡ Ω¯m = 0,
y2(0) ≡ Ω¯p = 0 (Dashed plot), Ω¯m = 10−4, Ω¯p = 4×10−4
(Red plot), Ω¯m = 10
−3, Ω¯p = 4 × 10−3 (Blue plot),
Ω¯m = 10
−2, Ω¯p = 4 × 10−2 (Green plot) which are per-
mitted small values according to the observations [2]. No-
tice how brane terms, even if they are minimal, can cause
an accelerated expansion process. Indeed, phantom dy-
namics in a non brane theory has a region where the Uni-
verse does not present an acceleration epoch, however,
we can see that the more the brane effects are present
the non-accelerated stages are less pronounced, which is
clearly a contradiction to observations.
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FIG. 3. Numerical solution for Eq. (31), where we have
chosen the following initial conditions: x2(0) ≡ Ωp = 0.6 in
the four plots and Ω¯m = 0, Ω¯p = 0 (Dashed plot), Ω¯m = 10
−4,
Ω¯p = 4× 10−4 (Red plot), Ω¯m = 10−3, Ω¯p = 4× 10−3 (Blue
plot), Ω¯m = 10
−2, Ω¯p = 4× 10−2 (Green plot). See the text
for more details.
Another complementary analysis is shown in Figs. (4)
where we present a vectorial dynamical analysis, showing
only the region of interest, ergo, the region given by the
Friedmann constriction. We start the analysis finding the
equilibrium points and eigenvalues associated with Eq.
(30), defining the critical points as (dxi, yi/dN)x0 = 0.
In this case as can be seen in Tab. II, the critical points
are associated with matter domination, phantom DE
domination, matter coupled with branes domination and
phantom coupled with branes domination respectively.
In addition, we define the vector x = (x2, y1, y2) and
consider a linear perturbation of the form (12) and the
Jacobian matrix Jsi associated with the linearized sys-
tem. The table II shows the eigenvalues and eigenvec-
tors associated with the critical points of Jsi Then, as
seen in the previous section, the critical points can be
classified according to the eigenvalues of the Jacobian
of the linearized vector field at a specific point and also
for the values below. Thus (0, 0, 1) is an attractor and
(0, 1, 0) is a source since the eigenvalues associated with
these points are all positive, while the origin (0,0,0) and
(1, 0, 0) are saddle points of the non-linear system since
their eigenvalues have opposite signs.
The region of interest is formed by families of solutions
or dynamical fluxes, providing a qualitative description of
the evolution of the system as a whole. The dynamics of
a particular solution is governed by the initial conditions,
x2(0) ≡ Ω0p, y1(0) ≡ Ω¯0m, y2(0) ≡ Ω¯0p, which are called
solution curves. In Figs. 4 it is shown the vector field
and some numerical solutions (solid lines) for different
initial conditions, all of them satisfying the Friedmann
constriction.
TABLE II. Table of eigenvalues and eigenvectors associated
to each critical point of the Jacobian matrix, for k=1.
Critical points Eigenvalues Eigenvectors
s0=(0,0,0) {6,9/2,-3} (0,0,1), (1,0,0), (0,1,0)
s1=(1,0,0) {-15/2,-9/2,3/2} (-1,1,0), (1,0,0), (-1,0,1)
s2=(0,1,0) {9,15/2,3} (0,-1,1), (-1,1,0), (0,1,0)
s3=(0,0,1) {-9,-6,-3/2} (0,-1,1), (0,0,1), (-1,0,1)
V. PHANTOM DARK ENERGY: A REFINED
ANALYSIS
In the previous sections we only considered the phan-
tom field under the constriction ωp < −1, however we
now propose a deeper analysis through the explicit form
of the phantom field.
The coupling with gravity is given by the action [6]
S[g, φ] =
∫
d4x
√−g
[
1
2
(∇φ)2 − V (φ)
]
, (32)
with an opposite sign in the kinetic term, where φ is the
phantom scalar field. Therefore, density and pressure are
written as ρ = −φ˙2/2 + V (φ) and p = −φ˙2 − V (φ).
Furthermore, as we previously mentioned, it is possible
to avoid the Big Rip singularity if the potential:
V (φ) = V0[cosh(
√
GNβφ)]
−1, (33)
has a maximum, where β is a constant [12].
Thus, the Friedmann equation can be written as:
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FIG. 4. Three dimensional vectorial field associated to the dynamical system of Eqs. (30). The color bar indicates the
magnitude of the vector, where we can se the presence of one repulser, two unstable points and one attractor related to the
final stage of the Universe.
H2 =
8piGN
3
{
ρm
(
1 +
ρm
2λ
)
− 1
2
φ˙2
(
1− φ˙
2
4λ
)
+
V0
cosh(
√
GNβφ)
(
1 +
1
2λ
[
V0
cosh(
√
GNβφ)
− φ˙2
])}
, (34)
along with the following equations
φ¨+ 3Hφ˙+ ∂φV = 0, ρ˙m + 3Hρm = 0. (35)
Now, defining the appropriate dimensionless equations:
x2 ≡ 8piGNρm
3H2
, y2 ≡ 4piGN φ˙
2
3H2
, k2 ≡ 3H
2
16piGNλ
,(36a)
u2 ≡ 8piGNV0
3H2 cosh(
√
GNβφ)
, (36b)
l2 ≡
√
3
4pi
β tanh(
√
GNβφ), (36c)
it is possible to reduce the modified Friedmann Eq. (34)
to:
1 = x2 + (u2 − y2) + k2[x4 + (u2 − y2)2], (37)
recovering the traditional Friedmann equation when k →
0. Then, the dynamical system can be written as:
x′ = −
(
3
2
+
H ′
H
)
x, (38a)
y′ = −
(
3 +
H ′
H
)
y +
1
2
u2l2, (38b)
u′ = −
(
1
2
l2y +
H ′
H
)
u, (38c)
altogether with
l = Ωl
[
σ tanh
(
2σ
∫
y2dN
)]1/2
, (39)
where σ ≡ √3/4piβ is another free parameter, which
must be assigned in order to solve the previous equa-
tions. Notice that we also made use of the Friedmann
constriction. Additionally we have:
H ′
H
= −3
2
x2 − 1
2
u2l2y − 1− x
2 − (u2 − y2)
x4 + (u2 − y2)2 (6y
4 − 2u2l2y3
−6u2y2 + 3
2
u4l2y). (40)
Therefore the critical points for the system (38) are
(±1, 0, 0), (0, 3±
√
9−l4
l2 , 1), (0,
3±√9−l4
l2 ,−1) and it is pos-
sible to plot the dynamical system as we show in Fig.
5 with the initial conditions: Ωm = 0.33, Ωφ˙ = 0.33,
ΩV = 0.72 and Ωl = 10
−1, obtaining the expected be-
havior for a matter domination at earlier times and a
posterior domination of the phantom DE, mainly in the
potential of the field (see Fig. 5); immediately we recog-
nize a state where V  φ˙2 for large values of N , produc-
ing an accelerated state.
Another conclusive study can be performed through
the deceleration parameter q(N) which can be written in
terms of the dimensionless variables (36) as:
q(N) =
1
2
x2 − 2y2 − u2 + 1− x
2 − (u2 − y2)
x4 + (u2 − y2)2 ×
(2x4 + 5y4 − 4y2u2 − u4), (41)
where its behavior is shown in Fig. 6. From here, it is
possible to observe a transition phase between an unac-
celerated and accelerated state at N ∼ −0.4 as would be
expected in the traditional Universe behavior. However
our results show a sudden phase transition in a short re-
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FIG. 5. Numerical solution of Eqs. (38), under the initial
conditions: Ωm = 0.33, Ωφ˙ = 0.33, ΩV = 0.72 and Ωl = 10
−1.
Notice that phantom field dominates for large e-foldings.
gion of N , remaining stable for the value of q ' −1 and
a Universe in continuous state of acceleration.
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FIG. 6. Numerical solution of Eq. (41), under the initial
conditions: Ωm = 0.33, Ωφ˙ = 0.33, ΩV = 0.72 and Ωl = 10
−1.
It is possible to observe a sudden acceleration whenN ∼ −0.4.
Additionally, some extra information comes from the k
parameter which has a dynamical equation k′ = kH ′/H,
related with the brane tension. The numerical solution
can be observed in Fig. 7, where we see a domination of
the brane tension component in the earlier times of the
Universe evolution, along with an abrupt peak related to
the transition between an unaccelerated and accelerated
Universe, and finally a subdominant epoch at later times.
This evolution is always constrained with the brane ten-
sion which is bounded by current observations [16, 17].
Finally, we explore the vector field of the system (38),
fixing the variables l = k = 10−1, which is shown in Fig.
8; our results present two repulsers (the baryonic matter
and the kinetic part of the phantom) and one attractor
associated to the phantom DE potential.
VI. CONCLUSIONS AND DISCUSSION
The results presented in Figs. 1 show that branes gen-
erates a premature Big Rip singularity while the brane
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FIG. 7. Numerical solution of Eq. (41), under the initial
conditions: Ωm = 0.33, Ωφ˙ = 0.33, ΩV = 0.72 and Ωl = 10
−1.
It is possible to observe an abrupt peak between N ∼ −0.4
and N ∼ −0.2, associated to the transition between of an
unaccelerated to an accelerated Universe. See the text for
details.
tension is accentuated. We emphasize, that this impor-
tant result can not be obtained in the traditional cos-
mological analysis with phantom dark energy. In this
vein, the analysis developed in this paper, unmasks the
dominant components in the beginning and in the end of
the Universe (see Figs. 2), showing that the density pa-
rameters in function of the brane tension will dominates
in the future. The previous results are corroborates by
Figs. 4 where it is shown the repulsers associated with
the components in the beginning of the Universe and the
attractors related with the presence of extra dimensions,
in future epochs (see also Table II).
Moreover, some important extra information can be
obtained from the deceleration parameter q, showing
the differences with the standard cosmological model
(ΛCDM). Here it is possible to observe an ever-
accelerating Universe, as the presence of the extra di-
mension increases. These results from the deceleration
parameter agree with those shown in previous figures. In
addition, the TT experiments or others, could restrict the
dynamics of the presence of extra dimensions, mimicking
to a large extent, the standard cosmological model.
As a complement, we develop an analysis, when the
form of the phantom DE is explicitly written as a scalar
field. Indeed, we assume the same potential used in Ref.
[12], with the aim of avoiding a Big Rip singularity, but
now in the brane-world context. Thus, this scenario gen-
erates a matter dominant era and a posterior domination
of the phantom field through the variable ΩV , which de-
pends on the SF potential, implying an accelerated Uni-
verse, for values ω ∼ −1. In addition to this, the decel-
eration parameter (see Fig. 6 ) also give us information
about the Universe passing from a non accelerated to an
accelerated state (which is an expected result), having
an abrupt change of phase (decelerated→accelerated) be-
tween N = −0.8 and N = 0.2; coinciding with the region
where the brane tension presents an anomalous behav-
ior (see Fig. 7). It is also possible to discuss that in
Fig. 7 the density parameter related with brane tension
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FIG. 8. Three dimensional vectorial field associated to the dynamical system of Eqs. (38); fixing the parameters l = 10−1 and
k = 10−1 by TT experiments.
presents the expected behavior with a dominant brane
tension in early epochs and subdominant brane tension
in late epochs. Finally, the vector field presented in Fig.
8 corroborates our results, presenting the expected at-
tractor related to phantom dark energy potential and a
repulser in the early times of the Universe evolution.
As a final comments, phantom field in brane-world sce-
nario generates a premature Big Rip by the presence of
brane tension, which can be stopped with a the presence
of a potential with a local maximum. This last analysis
show us a more adequate and congruent behavior as ex-
pected by observations, except for the transition region.
Further analysis with observations will help us to con-
strict the brane tension, however this is work that will
be presented elsewhere.
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